Abstract. This paper presents a fuzzy controller to solve a master-slave chaos synchronization problem. At first, the method of traditional sliding mode control is considered, which utilizes the discontinuous sign function to make the system state reaching a sliding surface. Next, fuzzy rules are determined according to the Lyapunov theorem, and the fuzzy controller is designed for chaos synchronization. Finally, an example of chaos synchronization for an uncertain Duffing-Holmes system is presented to illustrate the validity and feasibility of the proposed controller.
In this paper, we are devoted to the research of design fuzzy controller for synchronizing the state trajectories of two Duffing-Holmes systems with differential initial conditions, system uncertainties and external disturbances. This paper is organized as follows: Section 2 described the dynamics of mater-slave chaos synchronization system. In section 3 described the design approaches of fuzzy controller. Numerical simulations that confirm the validity and feasibility of proposed method are shown in Section 4. Finally, conclusions are given in Section 5.
System Description and Problem Formulation
Consider the following two n-dimensional chaotic systems, 
where R u ∈ is a control input, f is a given nonlinear function of x and t , ) ( y f Δ is an uncertain term representing the unmodeled dynamics or structural variation of the system (2) and ) (t d is the disturbance of system (2) . In general, the uncertain term
and disturbance term are assumed bounded, i.e. ( y f and
where α and β are positive. . The dynamics of system (1) display a chaotic motion without control input ) 0 ( = u . The control problem considered in this paper is that for different initial conditions of systems (1) and (2), the two coupled system, i.e. the master system (1) and the slave system (2), to be synchronized by designing an appropriate control ) (t u which is attached to the slave system (2) such that
where ⋅ is the Euclidean norm of a vector.
Fuzzy Controller for Design Methodology
In this section, we want to address the sliding-mode control and design procedures of a fuzzy controller for chaos synchronization.
Sliding-Mode Control
Let the error state be 
System (6) is of the controllable canonical form. In such a case, there are no internal dynamics [11] . Based on the control law proposed by [2] , the sliding surface can be defined as
where
denotes the initial state of 1 + n e . Eq. (7) can also be formulated as 
is Hurwitz. These eigenvalues are also relative to the speed of system response.
Fuzzy Controller Designs
The fuzzy logic control arose from the desire to describe complex control with linguistic descriptions. The fuzzy logic control is easy to understand and simple to implement, because fuzzy logic emulates human control. The fuzzy controller and expert systems have been successfully applied in many complex industrial processes.
In this section, we utilize the fuzzy logic and fuzzy propositions to design the controller. The block diagram of fuzzy controller with chaos system is illustrated in Fig. 1 . We have the error state from the master and slave systems. The fuzzy controller can determine ) (t u by the error and system states.
Fig. 1. Diagram of the fuzzy controller
The fuzzy controller has a two-input and a single-output. Input variables are the normalized sliding function (7) and the derivative of sliding function s . The overall control output is chosen as
where ) , ( s s F denotes the functional characteristics of the fuzzy linguistic decision schemes. The membership function of the input linguistic variables s and s , and the membership functions of the output linguistic variable ) (t u f are shown in Fig. 2 , respectively. They are decomposed into seven fuzzy partitions expressed as negative big (NB), negative small (NS), zero (ZE), positive small (PS), and positive big (PB). The fuzzy rule table is designed in Table 1 . The reaching law can be chosen as
where f k is a positive constant value. From Eqs. (7) and (13), we can obtain
The differential equation of control input
In the real world, the external disturbance ) (t d and the system uncertainty ) ( y f Δ are unknown. So, the implemented control input is described as
After integration of Eq. (16), we can obtain the control input of the slave system 
is bounded, and
. There, we have 
Numerical Example
In this section, simulation results are presented to demonstrate the effectiveness of the proposed fuzzy sliding-mode controller for chaos synchronization problem. Consider two coupled Duffing-Holmes systems as follows
The second equation of the slave system (22) is perturbed by an uncertainty term ) ( y f Δ and interfered with a disturbance ) (t d and the control input ) (t u is attached to the slave system. Let us define the synchronization errors between the master system and slaver system as 
Then, the standardized state space equations can be described as 
with the initial condition 0 ) 0 ( = u . For the master-slave synchronization control systems (21) and (22), the parameters are
, the master system (21) displaces chaotic behavior [9] . The master system (21) will exhibit a hyperchaotic behavior, as shown in Fig. 3 , where the attractor is shown on the Fig. 4 and Fig. 5 . Those show that the slave and the master systems can reach synchronization when control operation in the slave system at 10 = t secs. Fig. 6 shows the error state responses. The control input of slave system was demonstrated in Fig. 7.   Fig. 7 . The control input of slave system
Conclusions
In this paper, fuzzy sliding-mode control for chaos synchronization has been proposed. The fuzzy controller based on the sliding-mode and Lyapunov stability theory, which is designed for the regulation of the error state vector to a desired point in the state space. Numerical simulation results demonstrate that the proposed method can be successfully applied to synchronization problems of a Duffing-Holmes system. The derived controllers are robust so that the closed-loop system is stable in the presence of uncertainties and disturbance. The chattering phenomenon of conventional switching type sliding controls does not occur in this study.
